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Higher-order correlations?

spike train
= spiking of one particular neuron

= activity of patterns this neuron is a member of

pairwise correlation
= joint spiking of two neurons

= activity of patterns that comprise both neurons

triplet correlation
= joint spiking in three neurons

= activity of patterns that comprise all three neurons

and so on.
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Correlated Poisson processes
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Fig. 1.3 Examples of amplitude distributions fA and corresponding raster plots with
homogeneous populations of N = 10 neurons. A. All mass is centered at ξ = 1, the
corresponding population consists of independent spike trains. B. All mass is centered
at ξ = 10, the corresponding population is fully synchronized. In C-F, the parameters
that determine fA are such to generate identical pairwise correlation coefficient c = 0.4

in the populations: (C) MIP-like model with � = 0.5, η = 0.55; (D) SIP-like model with
ξsyn = 9, η = 0.91; (E) Exponential amplitude distribution fA(ξ; τ) = e−τξ/

�N
k=1 e−τk,

with τ = 0.36; (F) Uniform amplitude distribution with additional background, fA(ξ; η) =

ηδ1,ξ + 1−η
N

with η = 0.65. Note the strong differences in the higher-order structure of C-F
despite the identical pairwise correlations.

the (N − 1)-dimensional amplitude distribution with fewer parameters. Let
us present two examples.

1.3.2.1 SIP-like models

In our first example, the amplitude distribution has two isolated peaks: a
“background peak” at ξ = 1 that determines the number of independent
spikes, and a “network peak” at ξ = ξsyn that determines the maximal order of
correlation in the population (Fig. 1.3D). Parametrizing the relative number
of background- and network spikes by η ∈ [0, 1], the amplitude distribution
can be written as

fSIP
A (ξ) = ηδ1,ξ + (1 − η)δξsyn,ξ , (1.19)

fully independent fully correlated
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the (N − 1)-dimensional amplitude distribution with fewer parameters. Let
us present two examples.

1.3.2.1 SIP-like models

In our first example, the amplitude distribution has two isolated peaks: a
“background peak” at ξ = 1 that determines the number of independent
spikes, and a “network peak” at ξ = ξsyn that determines the maximal order of
correlation in the population (Fig. 1.3D). Parametrizing the relative number
of background- and network spikes by η ∈ [0, 1], the amplitude distribution
can be written as

fSIP
A (ξ) = ηδ1,ξ + (1 − η)δξsyn,ξ , (1.19)

pairwise correlation coefficient c = 0.4



Problems and issues of HOC inference

Combinatorial explosion: A population of N neurons could
in principle form 2N different groups/assemblies:

N 10 100 273

2N 103 1030 1.5× 1082

Very large samples: Statistical estimation of very many
parameters calls for very, very long stationary recordings.

Spike sorting: Single-units must be reliably isolated from
extracellular spike train recordings.

Uneasy mathematics: There seems to be no “natural”
parametrization of HOCs, and the results of modeling and
data analysis are strongly model-dependent.



Are HOCs relevant at all?

Argument 1: Natural stimulation of sensor arrays
(e.g. in vision or touch) carries gestalt
information, i.e. HOCs.

Argument 2: Certain brain theories imply and/or
make use of HOCs (Hebb’s neuronal
assemblies, Abeles’ synfire chains).

Argument 3: Nonlinear synaptic input integration
(e.g. via thresholding) turns neurons
into sensible HOC detectors.
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Comparing two different input ensembles
I identical rates and

pairwise correlations

I different higher-order
correlations

SIP
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Higher-order correlations do matter!
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The compound Poisson process (CPP)
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I Spike trains are continuous-time Poisson processes.
I “Injecting” simultaneous spikes into ξ spike trains yields

correlations of all orders up to ξ.
I carrier rate ν → neuronal firing rates

amplitude distribution fA → correlation structure.
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Task: Infer amplitude distribution fA from measured spike trains



HOCs in population spike trains

Instead of tackling the difficult problem

Which exact neuronal groups carry HOCs?

try to answer a less specific question

Are there any HOCs in a given population of neurons?



Measurement
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I Segment spike trains into bins of width h, the resulting
counting variables Xi for each neuron are not binary.

I Count spikes across the population, yielding the population
spike count Z =

∑N
i=1Xi with distribution fZ .

I Infer amplitudes fA from observed population activity fZ .
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Cumulants and correlations
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I CPPs satisfy: κm[Z] = E[Am]νh (m = 1, 2, . . . , N)

I κ1[Z] = E[Z] =
∑
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I κ2[Z] = Var[Z] =
∑

i Var[Xi] +
∑

i 6=j Cov[Xi, Xj ]

I κm[Z] =
∑
mth order correlations
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CuBIC

Raster plot

Pairwise correlations imply higher-order correlations!

Amplitude distribution
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m neurons with identical spike trains
⇔ all pairwise correlation coefficients 1

⇒ correlations of order m
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I κ̂2 > κ∗
2,2: pairwise correlations imply correlations of order > 2

I κ∗
2,3 = max

{
κ2[Z]

∣∣ fA(i) = 0 for i > 3 and κ1[Z] = κ̂1

}

I κ̂2 > κ∗
2,3: pairwise correlations imply correlations of order > 3

I κ∗
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{
κ3[Z]

∣∣ fA(i) = 0 for i > 15 and κ1[Z] = κ̂1 and κ2[Z] = κ̂2

}

I κ̂3 > κ∗
3,15: triplet correlations imply correlations of order > 15
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Hypothesis testing

Hm,ξ
0 observed cumulants κ̂1[Z], . . . , κ̂m[Z] are statistically

compatible with correlations bounded by ξ

pm,ξ < α observed cumulants imply correlations of order
strictly larger than ξ



CuBIC: illustration

I 100 simulated spike trains
100 s, 10Hz, bin size 5ms

I 70 independent and 30
correlated neurons

I independent background plus
patterns of order 7

I pairwise correlation c = 0.01 in
correlated subgroup

I only low-order cumulants are
measured: κ̂1[Z], κ̂2[Z], κ̂3[Z]
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What are “higher-order correlations” (HOCs)?

The effect of HOCs on single-neuron dynamics

CuBIC: Cumulant-based inference of HOCs

Non-stationary spike trains



Non-stationary firing rates
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observed during slow wave sleep and periods of drowsiness, but
not awake alertness (9, 23). We therefore restricted our analysis
to periods where clear DOWN states could be observed. Con-
sistent sequential activation of neurons again was seen (Fig. 2 c
and d; R ! 0.56; P " 0.001 for 263 pooled cells #2 Hz; P " 0.01
for four of five rats). Latencies were on average 53 ms shorter
(P " 0.001; Kolmogorov–Smirnov test) in unanesthetized rats,
indicating an accelerated sequence of activity as compared with
the anesthetized case.

To what extent does the observed temporal diversity reflect
the properties of different cell classes? In extracellular record-
ings, spike width can be used to distinguish putative fast-spike
interneurons and pyramidal cells (ref. 24; see SI Fig. 6). The
temporal relationship of putative pyramidal and interneuronal
populations varied with anesthetic condition. Under urethane
anesthesia, no significant difference was observed (mean $ SD:
latencypyram ! 110 $ 17 ms, latencyintern ! 109 $ 22 ms; Fig. 1f ).
In unanesthetized animals, the distribution of both classes again
largely overlapped with a weak but significant difference (laten-
cypyram ! 53 $ 8 ms, latencyintern ! 57 $ 9 ms; Fig. 2d). Under
ketamine-xylazine, however, interneuron latencies markedly
were shorter (latencypyram ! 102 $ 19 ms, latencyintern ! 81 $
13 ms; Fig. 2b). We therefore conclude that (i) sequential activity
does not simply reflect the preferred latencies of individual cell
classes, and (ii) whereas UP-state activity has a sequential
structure in all conditions investigated, the speed of activity f low
and the role of different cell classes varies by condition.

Traveling Waves Initiate Consistent Local Activity Sequences Inde-
pendent of Wave Direction. In cortical slices (19) and surface
recordings (23, 25–27), spontaneous activity has been reported

to take the form of traveling waves. In our data, traveling waves
were observed and could spread in either direction across the
recording sites (Fig. 3 a and b). We therefore wondered whether
the sequences we observed reflected consistent wave propaga-

Fig. 2. Sequential activity is not anesthetic-dependent. (a and c) UP state
triggered PETH sorted by latency for ketamine-xylazine and unanesthetized
animals, respectively (cf. Fig. 1e). (b and d) Consistency of neural latencies
across the two halves of the experiment for ketamine-anesthetized and
-unanesthetized rats, respectively. Green dots represent putative interneu-
rons. Note that unanesthetized latencies are approximately half those ob-
served under urethane or ketamine.

Fig. 1. Sequential activity at UP state onset. (a) Spontaneous activity of
neurons in S1 of a urethane anesthetized rat. DOWN states of complete silence
alternate with UP states of generalized activity (underlined area is expanded
in Fig. 3a). Neurons are arranged vertically by physical location of recording
shank. (b) Schematic of silicon microelectrode used in these studies. (c) Raster
plots for 10 example neurons triggered by UP state onset for 100 UP states,
showing a diversity of temporal profiles. (d) Neural latency is defined as the
center of mass of the PETH. (e) Pseudocolor plot showing normalized activity
of a simultaneously recorded population triggered by UP state onset, verti-
cally arranged by latency. The dots indicate at which shank neurons were
recorded. ( f) Neural latencies were stable, as illustrated by comparison of
latencies calculated separately for the first and the second halves of data set
(#30 min). Black and green dots represent putative pyramidal cells and
interneurons, respectively.

Fig. 3. Interaction of traveling waves and local sequences. (a) Example of a
traveling wave spreading from shank 8 to shank 1 under urethane anesthesia
(expansion of underlined area in Fig. 1a). Neurons arranged vertically by
recording shank location. Dashed line indicates propagation front fit by linear
regression (see Materials and Methods). (b) Another traveling wave, propa-
gating in the opposite direction, recorded during the same experiment. (c)
Distribution of propagation front slopes. Red curve denotes distribution of
slopes after shuffling shank order. (d Upper) PETHs computed separately for
traveling waves moving to left (blue) and right (red), for two example neu-
rons, aligned to global UP state onset defined by first spike time on any
recording shank. (d Lower) PETHs realigned to shank-specific UP state onset
times computed from propagation front slope, demonstrating increased ste-
reotypy after realignment. (e) Scatter plot showing each neuron’s latency for
traveling waves moving to the left and right, computed from realigned PETHs.
The strong correlation indicates that regardless of wave direction, neurons at
a local site follow the same activation sequence.

348 ! www.pnas.org"cgi"doi"10.1073"pnas.0605643104 Luczak et al.

Luczak et al 2007, rat somatosensory cortex, up/down states

I CuBIC assumes spike trains with stationary firing rates

I Spike trains observed in experiments often exhibit spontaneous
and stimulus/behavior induced non-stationarities

I Co-varying firing rates induce correlations, which may lead
CuBIC to overestimate the correlation order
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not awake alertness (9, 23). We therefore restricted our analysis
to periods where clear DOWN states could be observed. Con-
sistent sequential activation of neurons again was seen (Fig. 2 c
and d; R ! 0.56; P " 0.001 for 263 pooled cells #2 Hz; P " 0.01
for four of five rats). Latencies were on average 53 ms shorter
(P " 0.001; Kolmogorov–Smirnov test) in unanesthetized rats,
indicating an accelerated sequence of activity as compared with
the anesthetized case.

To what extent does the observed temporal diversity reflect
the properties of different cell classes? In extracellular record-
ings, spike width can be used to distinguish putative fast-spike
interneurons and pyramidal cells (ref. 24; see SI Fig. 6). The
temporal relationship of putative pyramidal and interneuronal
populations varied with anesthetic condition. Under urethane
anesthesia, no significant difference was observed (mean $ SD:
latencypyram ! 110 $ 17 ms, latencyintern ! 109 $ 22 ms; Fig. 1f ).
In unanesthetized animals, the distribution of both classes again
largely overlapped with a weak but significant difference (laten-
cypyram ! 53 $ 8 ms, latencyintern ! 57 $ 9 ms; Fig. 2d). Under
ketamine-xylazine, however, interneuron latencies markedly
were shorter (latencypyram ! 102 $ 19 ms, latencyintern ! 81 $
13 ms; Fig. 2b). We therefore conclude that (i) sequential activity
does not simply reflect the preferred latencies of individual cell
classes, and (ii) whereas UP-state activity has a sequential
structure in all conditions investigated, the speed of activity f low
and the role of different cell classes varies by condition.

Traveling Waves Initiate Consistent Local Activity Sequences Inde-
pendent of Wave Direction. In cortical slices (19) and surface
recordings (23, 25–27), spontaneous activity has been reported

to take the form of traveling waves. In our data, traveling waves
were observed and could spread in either direction across the
recording sites (Fig. 3 a and b). We therefore wondered whether
the sequences we observed reflected consistent wave propaga-
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animals, respectively (cf. Fig. 1e). (b and d) Consistency of neural latencies
across the two halves of the experiment for ketamine-anesthetized and
-unanesthetized rats, respectively. Green dots represent putative interneu-
rons. Note that unanesthetized latencies are approximately half those ob-
served under urethane or ketamine.
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alternate with UP states of generalized activity (underlined area is expanded
in Fig. 3a). Neurons are arranged vertically by physical location of recording
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of a simultaneously recorded population triggered by UP state onset, verti-
cally arranged by latency. The dots indicate at which shank neurons were
recorded. ( f) Neural latencies were stable, as illustrated by comparison of
latencies calculated separately for the first and the second halves of data set
(#30 min). Black and green dots represent putative pyramidal cells and
interneurons, respectively.

Fig. 3. Interaction of traveling waves and local sequences. (a) Example of a
traveling wave spreading from shank 8 to shank 1 under urethane anesthesia
(expansion of underlined area in Fig. 1a). Neurons arranged vertically by
recording shank location. Dashed line indicates propagation front fit by linear
regression (see Materials and Methods). (b) Another traveling wave, propa-
gating in the opposite direction, recorded during the same experiment. (c)
Distribution of propagation front slopes. Red curve denotes distribution of
slopes after shuffling shank order. (d Upper) PETHs computed separately for
traveling waves moving to left (blue) and right (red), for two example neu-
rons, aligned to global UP state onset defined by first spike time on any
recording shank. (d Lower) PETHs realigned to shank-specific UP state onset
times computed from propagation front slope, demonstrating increased ste-
reotypy after realignment. (e) Scatter plot showing each neuron’s latency for
traveling waves moving to the left and right, computed from realigned PETHs.
The strong correlation indicates that regardless of wave direction, neurons at
a local site follow the same activation sequence.
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I CuBIC assumes spike trains with stationary firing rates

I Spike trains observed in experiments often exhibit spontaneous
and stimulus/behavior induced non-stationarities

I Co-varying firing rates induce correlations, which may lead
CuBIC to overestimate the correlation order
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Non-stationary CuBIC
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“Stimulus-driven” non-stationarities
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“Internally generated” non-stationarities
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Conclusions

I Higher-order correlations in the presynaptic population strongly
influence single-neuron spike trains, in particular firing rates.

I For the point process models in continuous time considered
here, additive spike patterns and cumulants are tightly related.
Therefore, cumulants provide intuitive measures of correlation.

I Cumulants and log-linear parameters establish quite different
views on higher-order correlations. In particular, zero log-linear
interactions do NOT imply the absence of synchronous patterns.

I CuBIC can infer the presence of high-order patterns from
measured low-order cumulants of population spike counts. The
necessary sample sizes are fully compatible with state-of-the-art
in vivo multi-neuron spike train recordings.

I Non-stationary rates are smoothly integrated into hypothesis
testing, with reliable performance. Non-Poissonian spiking as
found in real neurons can be tolerated to some degree.
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Correlated Poisson processes
Consider N neurons with spike trains s1(t), s2(t), . . . , sN (t).

I For every non-empty group G ⊆ {1, 2, . . . , N} of neurons
(“pattern”), the joint spiking (some jitter allowed) of all its
group members is described by a Poisson process yG(t).

I The spike train si(t) of neuron i is comprised of all spikes
of all groups neuron i is a member of

si(t) =
∑

G3i
yG(t).

I Alternatively, one may consider the carrier process
comprising all spikes

y(t) =
∑

G

yG(t)

and assign a mark to each of its events, namely the pattern
produced at that point in time.



Correlated Bernoulli variables
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x(t)

P (x) = exp


θ +

∑

i

θixi +
∑

i<j

θijxixj +
∑

i<j<k

θijkxixjxk + . . .


 .

The θij represent pairwise, the θijk triplet correlations, . . .

Martingnon et al 1995, 2000; Nakahara & Amari 2002; Shlens et al 2006; Schneidman 2006; Roudi et al 2009
and many others



Cumulants vs. log-linear parameters
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Non-Poissonian spike trains
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Non-Poissonian spike trains
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Robustness of CuBIC
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Correlated log-normal processes generated via thinning:
N = 50, λ = 10Hz, c = 0.05, T = 500 s, 〈ξ̂〉 = mean over 100 simulations
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