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What are “higher-order correlations” (HOCs)?

The effect of HOCs on single-neuron dynamics

CuBIC: Cumulant-based inference of HOCs

Non-stationary spike trains



What are “higher-order correlations” (HOCs)?
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Co-activated neuronal groups
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Question:
Are there any neuronal groups that systematically fire together?



Co-activated neuronal groups
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Are there any neuronal groups that systematically fire together?



Co-activated neuronal groups
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Are there any neuronal groups that systematically fire together?



Higher-order correlations?

spike train
= spiking of one particular neuron
= activity of patterns this neuron is a member of

pairwise correlation
= joint spiking of two neurons
= activity of patterns that comprise both neurons

triplet correlation
= joint spiking in three neurons
= activity of patterns that comprise all three neurons

and so on.
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Correlated Poisson processes
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Correlated Poisson processes
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Problems and issues of HOC inference

Combinatorial explosion: A population of N neurons could
in principle form 2% different groups/assemblies:

N | 10 | 100 273
2N 1103 | 1039 | 1.5 x 1082

Very large samples: Statistical estimation of very many
parameters calls for very, very long stationary recordings.

Spike sorting: Single-units must be reliably isolated from
extracellular spike train recordings.

Uneasy mathematics: There seems to be no “natural”
parametrization of HOCs, and the results of modeling and
data analysis are strongly model-dependent.



Are HOCs relevant at all?

Argument 1:

Argument 2:

Argument 3:

Natural stimulation of sensor arrays
(e.g. in vision or touch) carries gestalt
information, i.e. HOCs.

Certain brain theories imply and/or
make use of HOCs (Hebb’s neuronal
assemblies, Abeles’ synfire chains).

Nonlinear synaptic input integration
(e.g. via thresholding) turns neurons
into sensible HOC detectors.



The effect of HOCs on single-neuron dynamics



Comparing two different input ensembles

» identical rates and
pairwise correlations

» different higher-order
correlations

spike train index
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Comparing two different input ensembles

» identical rates and
pairwise correlations

» different higher-order
correlations

SIP

singlerate r=a+ 3
correlation ¢ = G/(a+ )
clusterrate g =rc

MIP

singlerate r=ap
correlation c¢=p
clusterrate a=r/c
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Higher-order correlations do matter!
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CuBIC: Cumulant-based inference of HOCs



The compound Poisson process (CPP)
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The compound Poisson process (CPP)
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The compound Poisson process (CPP)
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» Spike trains are continuous-time Poisson processes.

» “Injecting” simultaneous spikes into ¢ spike trains yields
correlations of all orders up to &.

» carrier rate v — neuronal firing rates
amplitude distribution f4 — correlation structure.



The compound Poisson process (CPP)
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» Spike trains are continuous-time Poisson processes.

» “Injecting” simultaneous spikes into ¢ spike trains yields
correlations of all orders up to &.

» carrier rate v — neuronal firing rates
amplitude distribution f4 — correlation structure.



The compound Poisson process (CPP)




The compound Poisson process (CPP)

Amplitude Distribution
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Task: Infer amplitude distribution f4 from measured spike trains



HOCs in population spike trains

Instead of tackling the difficult problem
Which exact neuronal groups carry HOCs?

try to answer a less specific question
Are there any HOCs in a given population of neurons?



Measurement
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» Segment spike trains into bins of width A, the resulting

counting variables X; for each neuron are not binary.



Measurement
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» Segment spike trains into bins of width A, the resulting

counting variables X; for each neuron are not binary.
» Count spikes across the population, yielding the population

1 X; with distribution fz.
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Measurement
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» Segment spike trains into bins of width A, the resulting

counting variables X; for each neuron are not binary.
» Count spikes across the population, yielding the population

1 X; with distribution fz.
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» Infer amplitudes f4 from observed population activity f.

spike count Z



Amplitude Distribution
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Cumulants and correlations
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Cumulants and correlations
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Cumulants and correlations

Amplitude Distribution
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Cumulants and correlations

Amplitude Distribution
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CuBIC

Pairwise correlations imply higher-order correlations!

Raster plot Amplitude distribution

u
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m neurons with identical spike trains
& all pairwise correlation coefficients 1

= correlations of order m



CuBIC
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CuBIC
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CuBIC
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> k3o =max{k2[Z] | fa(i) =0fori>2and ki[Z] = &1 }
> R2 > K3 5! pairwise correlations imply correlations of order > 2



CuBIC
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CuBIC
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ke > K3 3. pairwise correlations imply correlations of order > 3
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k3 > K3 15- triplet correlations imply correlations of order > 15
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CuBIC
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CuBIC: illustration

Amplitude distribution fA
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» pairwise correlation ¢ = 0.01 in
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» only low-order cumulants are
measured: k1[Z], keo[Z], k3[Z]




CuBIC: illustration

Amplitude distribution fA
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» 100 simulated spike trains
100s, 10 Hz, bin size 5ms
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> 70 independent and 30 Raster Plot and Population Histogram
correlated neurons :

Counts Neurons

» independent background plus

patterns Of Ordel' 7 Complexity Distribution fz
» pairwise correlation ¢ = 0.01 in
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» only low-order cumulants are
measured: k1[Z], keo[Z], k3[Z]
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& = lower bound on the order of correlation



Non-stationary spike trains



Non-stationary firing rates

» CuBIC assumes spike trains with stationary firing rates



Non-stationary firing rates

oneuron num.

1 4 time (s)
Luczak et al 2007, rat somatosensory cortex, up/down states
» CuBIC assumes spike trains with stationary firing rates

» Spike trains observed in experiments often exhibit spontaneous
and stimulus/behavior induced non-stationarities



Non-stationary firing rates

oneuron num.

1 4 time (s)
Luczak et al 2007, rat somatosensory cortex, up/down states
» CuBIC assumes spike trains with stationary firing rates

» Spike trains observed in experiments often exhibit spontaneous
and stimulus/behavior induced non-stationarities

» Co-varying firing rates induce correlations, which may lead
CuBIC to overestimate the correlation order



Non-stationary CPP
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Non-stationary CPP
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» Time-varying carrier rate v(t), constant correlation structure f4



Non-stationary CPP
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» Time-varying carrier rate v(t), constant correlation structure f4



Non-stationary CPP
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Complexity

(“Law of total variance”)

Time

E[A2]k1 [V]h + E[A]2k2[v]h?

E[A]k1[v]h

» Time-varying carrier rate v(t), constant correlation structure f4
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Non-stationary CPP
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» Time-varying carrier rate v(t), constant correlation structure f4

E[A]k1[v]h

> Fél[Z]
> HQ[Z]
> Hg[Z]

(“Law of total variance”)

E[A2]k1 [V]h + E[A]2k2[v]h?

E[A%]k1[v]h + 3E[A] E[A2]ka[v]h? + E[A]k3[v]h3



Non-stationary CuBIC

>

Z(s)

Pr{Z=
=

Neuron ID  z(t) v(t)

k}D

=

Ir

B C
50 t 50 L 50
LI 0 W fr TR NN
w0 ‘ B — 50— =]
gl ‘ 201 401 ‘
6 non ‘ 15" 30 1.
al o 101" 201"
p| 5 of
10 10 10
0 srdbala il ll uka L 0 | 0 JII.I.I. n.lll.Ll.au.. ll
0 Time [s] 2 0 Time [s] 2 E Time [s] 2
o & 01
}_II_II_II_II_II_II_II_II_ILIL“_ILII_-I_.-_.,, 2 ul_ll_ll_l-_.-__,_,_ﬁ
0° & 0
0 5 10 15 2 4 ¢ 8
relevant: carrier rate distribution fr (resp. f,)

irrelevant:

assignment of spikes to individual neurons

Staude, Griin, Rotter, 2010



“Stimulus-driven” non-stationarities
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cosine-like modulation of carrier rate Staude, Griin, Rotter, 2010

assuming stationary rates, cosine modulation, or two rate levels



“Internally generated” non-stationarities
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Conclusions

» Higher-order correlations in the presynaptic population strongly
influence single-neuron spike trains, in particular firing rates.

» For the point process models in continuous time considered
here, additive spike patterns and cumulants are tightly related.
Therefore, cumulants provide intuitive measures of correlation.

» Cumulants and log-linear parameters establish quite different
views on higher-order correlations. In particular, zero log-linear
interactions do NOT imply the absence of synchronous patterns.

» CuBIC can infer the presence of high-order patterns from
measured low-order cumulants of population spike counts. The
necessary sample sizes are fully compatible with state-of-the-art
in vivo multi-neuron spike train recordings.

» Non-stationary rates are smoothly integrated into hypothesis
testing, with reliable performance. Non-Poissonian spiking as
found in real neurons can be tolerated to some degree.
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Publications on higher-order correlations
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Correlated Poisson processes
Consider N neurons with spike trains s;(¢), s2(t), ..., sy ().

» For every non-empty group G C {1,2,..., N} of neurons
(“pattern”), the joint spiking (some jitter allowed) of all its
group members is described by a Poisson process yq(t).

» The spike train s;(t) of neuron i is comprised of all spikes
of all groups neuron i is a member of

si(t) = ZyG(t)-
G3i
» Alternatively, one may consider the carrier process
comprising all spikes

y(t) => yal(t)
G

and assign a mark to each of its events, namely the pattern
produced at that point in time.



Correlated Bernoulli variables

Raster Plot
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(adapted from Griin et al. 2002) Time

P(x) =exp |0+ ZG z; + 2‘92355155] + Z Oijraiv;xy + .
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The 6;; represent pairwise, the 6, triplet correlations,

Martingnon et al 1995, 2000; Nakahara & Amari 2002; Shlens et al 2006; Schneidman 2006; Roudi et al 2009
and many others



Cumulants vs. log-linear parameters
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Non-Poissonian spike trains
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Non-Poissonian spike trains
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Non-Poissonian spike trains
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Robustness of CuBIC
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Correlated log-normal processes generated via thinning:
N =50, A =10Hz, ¢ = 0.05, T = 500s, (é} = mean over 100 simulations
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