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Quantum Advantage =FENI%

We now know that small-scale guantum computers can
perform computation faster than classical computers

INREBEEF 11 —2IFHEI>Ed1 -~ KDEREIC
STETCEACENER TN

Can quantum computers perform useful computations faster
than classical computers?

SF 11—~ FgaHEI>E1—SFXDERIC
G DETENTEB3DH ?

NEWS . 23 OCTOBER 2019

Hello quantum world! Google publishes
landmark quantum supremacy claim

The company says that its quantum computer is the first to perform a calculation that would be
practically impossible for a classical machine.
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https://www.nature.com/articles/d41586-019-03213-z

Nature 574, 461-462 (2019)

random quantum circuit

Task: compute the output of a)
acting on 53 qubits

J

(59247 - 53 qubits(C/EFT S )
5 >4 INEFEIEED
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Quantum Advantage for Useful Tasks

1Y DETEICHITD=FEBATE

Provable advantage Heuristic bE1—Y X5+ w77
BRI S BT -

v’ Quantum annealing % /—-—Y>7

I : VA e . . . 1 = =_| A
v Integer Factoring 3rRIZR 7% v Adiabatic algorithms BiRAEFEtE
v’ Quantum search =EFEXR v QAOA
v’ Quantum simulation £ F%D>=a2L—=>3 > VVOQA ZEHNEFT7ILTUZL
v’ Quantum distributed computing =FDEGTE v Quantum machine learning & T 23
merit: theoretical guarantees of the quantum advantage merit: can be implemented on NISQ devices
demerit: generally requires guantum error-correction demerit: generally few theoretical guarantees

(performance needs to be analyzed on real data)
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My Research Nl ES

' Quantum algorithms with - [ BIENERRN RSN D
provable advantage | - EFVILTUXLDEFE )

Generalization of Shor algorithm >3 F7DO7ILT U ILD—HRE

Quantum algorithms for algebraic problems KREIEIRAICT T 2=F7)LTYU X

= | Matrix muttiplication 2> (50 |

IZ> ‘ Systems of linear equations (HHL algorithm)‘ |:> ‘ 1 RAERZR (HHL 7JLOUXA)

f‘> ‘ Quantum simulation (e.g., chemistry)‘ O |EBFRDIZaL—>3> (fl : %)

I:> ‘Quantum optimization |:> =SF 1t

Quantum distributed algorithms =FHE07)LT U X

Quantum algorithms for string problems YEHIRECH I A=F 7))L U




Outline of the Talk AKHD

 Quantum algorithms with - [ BIMNERN(CRI NS
provable advantage =7 7)YV XLADORF

.

Quantum algorithms for algebraic problems KREIEIRAICT T 2=F7)LTYU X
|:> ‘ Matrix multiplication |:> ‘ﬁﬁ'ﬁﬁ ‘

IZ> ‘ Systems of linear equations (HHL algorithm)‘ |:> ‘ 185K (HHL ZJ)LTUXLA)

f‘> ‘ Quantum simulation (e.qg., chemistry)‘ |:> sSETRDO>=aL—>3> (Kl IBF)
> ‘Quantum optimization O | =758t

Quantum algorithms for string problems YEHIRECH I A=F 7))L U
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 Quantum algorithms with - [ BIMNERN(CRI NS
provable advantage =7 7)YV XLADORF
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Quantum algorithms for algebraic problems KREIEIRAICT T 2=F7)LTYU X
» ‘ Matrix multiplication » ‘ﬁﬁ'ﬁﬁ ‘

IZ> ‘ Systems of linear equations (HHL algorithm)‘ |:> ‘ 185K (HHL ZJ)LTUXLA)

f‘> ‘ Quantum simulation (e.qg., chemistry)‘ |:> sSETRDO>=aL—>3> (Kl IBF)
> ‘Quantum optimization O | =758t

Quantum algorithms for string problems YEHIRECH I A=F 7))L U




Matrix Multiplication {T5i&

4 )
Compute the product of two n x n matrices A and B ' - - ol - T
> < n a” X b” n = C” n
SN0 nxnith A & B DIa=E3KDHD i | i | i |
\_ J « n n N
One of the most fundamental computational tasks In
science and engineering
IBTZFCHWTC, REEERRSTERBED—D
Tr|V|aI classical algorithm: O(n?) time i Zn: b forall 4 < i< 11<is )
" C;i = d;:D; TOr a <l=0nNan Ss|=nN
AR T7)LT U 0 O(n3) R B :
_ J

Best known classical algorithm: O(n4-38) time [Coppersmith and Winograd 87]
ERIRDOEH 7))L T X O(n2-38) BFfE] [Coppersmith and Winograd 87]




Quantum Algorithms for Matrix Multiplication

ITHREICH T DEFI7ILT UL

LG 12] [Jeffery, Kothari, LG, Magniez 16] [Jeffery, LG 16]

running time  SE4THFE
A

n2-38—
best classical algorithms
ERIREHD7)LT X“A\
n?
quantum algorithms |
ET7ITUIL | Quantum search + || 2FER+
nl5 - [Jeffery, Kothari, LG, Magniez 16] : combinatorial ideas s EOSH ST Eh
l sparsity of the
- i _ output matrix 4TSI DERTE
| | . | , > (number of non-  GEE O D)
1 n2/3 N n ni.779 n zero entries)

[ Quantum advantage for large sparse matrices! | 5> Quantum advantage for many graph problems
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" Quantum algorithms with i BN EmE) (CERAE =N D )
provable advantage | - EF77ILIYXLDRFE )

Quantum algorithms for algebraic problems KREIEIRAICT T 2=F7)LTYU X

= | Matrix muttiplication =[50 |

m) | Systems of linear equations (HHL algorithm)| = ‘ 1 RBEBRHFR (HHL )L T U L)

f‘> ‘ Quantum simulation (e.g., chemistry)‘ O [BFRns=aL—23> (B %)
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HHL Algorithm for System of

Equations

1 RGN RDIZHDHHLI?)LTY X L

Input :

[Harrow, Hassidim, Lloyd 09]
AT

v' an n X n matrix A (sparse and well-conditioned)
v anorm-1 vector b € C" (given as a quantum state |b))

v nxni78 A (. well-conditioned)

v HANRTKNLbe C" (EFREE|Ib) ELTEZBND)

. - A
— A-1 —
write,x = A'b and x = TATD|

solution of; Ax=Db ]

Output:

An approximation of the quantum state |x)

Theorem ([Harrow, Hassidim, Lloyd 09])

_ A
- -1 . N
Ax = b Df%
77

BFIREE [X) DIFL

a . . . . . N )
There is a quantum algorithm that computes a good approximation of |[x) in time polynomial in log(n)
log(n) DFERET [X) DRVEMERDDET7ITVILNFET S

Classically, solving systems of linear equations requires O(n) time exponentially faster

HHTE. 1 RGIENRERE TTHCO(N)BFRINHE
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HHL Algorithm for System of Equations

1 RGN RDIZHDHHLI?)LTY X L

[Harrow, Hassidim, Lloyd 09]

v' Main issue: the solution is output as a quantum state
FidfleEm: fREEFIRREE L THAAETND /—>“extract statistics about the solution x”

v Possible applications of the HHL Algorithm: estimate (x|M|x) for some operator M
“f7 x OFETIRBIRZS|ISHI”

HHLOE X SNBIGE: ATH—/\TILMITHL T, (XIM[X) DIFM

4 o N
Applications to qguantum machine learning ? | Very promising but hard to analyze the performance

SEFHRZBEADEA? | BEITH . el (3% L L)

\. J

Theorem ([Harrow, Hassidim, Lloyd 09])

a . . . . . N )
There is a quantum algorithm that computes a good approximation of |[x) in time polynomial in log(n)
log(n) DFERET [X) DRVEMERDDET7ITVILNFET S

J

Classically, solving systems of linear equations requires O(n) time
ST, 1RAENRZH S TZH(C0(N) KRN NE




HHL Algorithm for System of Equations

1 RGN RDIZHDHHLI?)LTY X L

[Harrow, Hassidim, Lloyd 09]

v' Main issue: the solution is output as a quantum state
FidfleEm: fREEFIRREE L THAAETND /—>“extract statistics about the solution x”

v Possible applications of the HHL Algorithm: estimate (x|M|x) for some operator M
“f7 x OFETIRBIRZS|ISHI”

HHLDZE X SNBIEH: ATH—/){UTILMICH U T, (X|M|X) D)

( . )

Applications to quantum machine learning ? | Very promising but hard to analyze the performance
S FHAREZBADICA? | BECH . e (F2E L L)

\. J

« performance on (large) real-data: need a large quantum computer
(REV) R —F (I DMEREHE: KEVWEFIE21—INRBE

* theoretical investigations: there exist a few quantum machine learning
algorithms with rigorous analysis ... but most of them have been “dequantized” [Tang 19][LG 23]

IEEEMAEZAT . (FREN AT CE R EFHMMFEZE7)L T U X AIFHEBE SN
(FEAEFBAEN W EERIFBAS NI T2 (lREF1E [Tang 19][LG 23])




HHL Algorithm for System of Equations

1 RFBFEFEINRDIZESHDHHLI?)L T X L

v Possible applications of the HHL Algorithm: estimate (x

(Harrow, Hassidim, Lloyd 09]

— <
v Main issue: the solution is output as a quantungstats Needed: killer
FidfleEm: fREEFIRREE L THAAETND app“cation ghe solution x”

“fiF X OFRETH/REHmRZ 5| S H I

HHLOE X SNBIGE: ATH—/\TILMITHL T, (XIM[X) DIFM

Applications to qguantum machine learning ? | Very promising but hard to analyze the performance

( )

SEFHRZBEADEA? | BEITH . el (3% L L)

\. J

performance on (large) real-data: need a large guantum computer
(KEWV) EF—H(CxTDMHEEE: KSVWEFI>E21—INNE

theoretical investigations: there exist a few quantum machine learning
algorithms with rigorous analysis ... but most of them have been “dequantized” [Tang 19][LG 23]

IEEEMAEZAT . (FREN AT CE R EFHMMFEZE7)L T U X AIFHEBE SN
(FEAEFBAEN W EERIFBAS NI T2 (lREF1E [Tang 19][LG 23])




Space-efficient Equati

on Solving

[Ta-Shma 2013]

LRBFEIVRDIZOHD AT —F=HIH 1o Liv wang 2023

v anorm-1 vector b € C" (given
v anindexie€{1,...,n}
Output : a good approximation of the i-th

Input : v" an n x N matrix A (sparse and well-conditioned)

as a guantum state |b))

coordinate of the vector x = A™b

Theorem ([Ta-Shma 2013], [LG, Liu, Wang 2023]):

(

G

There exists a quantum algorithm that solves the above problem using O(log n) space and poly(n) time.
DB O( Iq\g n) Risk H'D ZIEXKHE CTHREF 7ILTVUXLNFET D,

\

J

\
O(log n) qubitsOXEY —F= . . )
(log n) q - exponentially improvement in
No o(n)-space poly(n)-time classical algorithm is known the space requirements!
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Computational Quantum Chemistry = FLFETE

Computing the ground state energy of a quantum system is hard even for quantum computers
ST ZRRORKERIXRILF—DO:tEFEF I E1 - {E> TERE# THD [K@\M% "' '02]
Illaev

Given a rough approximation of the ground state (e.g., using Hartree—Fock in quantum chemistry), the
ground state energy can be estimated with high precision efficiently with a quantum computer

HEREOHU WA SZ 5N EE (Bl 1 EFAEFDIHE. Hartree-FockiEIC K> TESNBIA)
SF 11— AATEFEEEIXRILF—ZPRSEIL.,. SBECETETEDS

[Gharibian and LG 22] Very promising application
[Cade, Folkertsma, Gharibian, Hayakawa, LG, Morimae and Weggemans 23] sF 131 —59DOBERILE

result #1: (computing the ground state energy with high precision is hard for classical computersN
EEE TORRIFILF—0OHEEHERI>E1 -5 (CE> THRETSS

J

result #2: (Computing the energy with constant precision can be done efficiently classically\
TESIRE CORE FILF—DFABEFEHOAED1 I TENRLISTEDS

J

» This shows the superiority of quantum algorithms comes from the improved precision
s HEUEDERIESTEREDR LICHD




atues Chemistry EFEFETE

Provable quantum

(exponential) advantage

stem is hard even for quantum computers

)7
[Kitaev 02]

yzli% /D\ A Ed1—AIfE>TERE#THSD

Given a rough approxXimation of the ground state (e.g., using Hartree—Fock in quantum chemistry), the
ground state energy can be estimated with high precision efficiently wit

HEREOHU WA SZ 5N EE (Bl 1 EFAEFDIHE. Hartree-FockiEIC K> TESNBIA)
SF 11— AATEFEEEIXRILF—ZPRSEIL.,. SBECETETEDS

N a quantum computer

[Gharibian and LG 22] Very promising application
[Cade, Folkertsma, Gharibian, Hayakawa, LG, Morimae and Weggemans 23]

result #1:

result #2:

EF 1 E1—5DHF

BRI J

EREE TOREIRLF Ot BRERISE1—S(CE> TRETHS

(computing the ground state energy with high precision is hard for classical computersN

J

r . . . . . A
computing the energy with constant precision can be done efficiently classically

\E@%ﬁ?@iﬁ FKILF—0stEIEFEH I E1 — Y TENERLISTES

J

= FEMFEOERFETERE DR LICH D

» This shows the superiority of quantum algorithms comes from the improved precision
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Quantum Optimization =F&EAL

Theoretically guaranteed advantage

I Gm ARG SBNLE

v' Search X%
v Quantum walks £ F2 A4 —72
v’ Backtracking /\w 2O bS5 w2

What about convex optimization?
a3 E DIRMHY?

Heuristic bEa1—YUX5awD

v/ Adiabatic algorithms WE\EF5tE&
v QAOA
vVQA ZEREFF7ILITUXA

v’ Quantum annealing 2 =—Y>7

v’ Quantum machine learning EF 1T &

convex optimization, especially linear programs (LP) and semidefinite
programs (SDPs) has a wide range of applications, rigorous guarantees,
and can be solved efficiently by classical solvers

ThEsEl . (B (CHRAZETEI(LP) B XU IEEESTEI(SDPs)) DGR < .

BHEBEULUDODMDLUTWWTC, T

S E1 - THRILLELZEEFITED




n: number of variables Z#X0D%%

CO nvex O ptl 11 I Zatl on lJ;LI Eaﬁﬁ'f t e: precision of the solution FRDIEE

Best classical algorithm for SDPs  SDPZ# < FHEEM&ERJ7)LT 1 X s
O(n?%> (log(1/¢€))°) [Jiang et al. 20]

Quantum algorithms for SDPs SDPZER<EF7ILIVUX A
O(n (1/¢)'8) [Brandao and Svore 16]

O(n (1/e))  [van Aperdoon etal. 17] Significant improvement if we are

only need low precision

IRLEE TR,
STEREOREVHENMEOND

O(/n (1/¢)12)  [Brandao et al. 18]

O(/n (1/€)°) [van Aperdoon and Gilyen 18]

4 s . . . . )
For huge systems (millions of variables) this can be the only way to get a rough approximation of

the solution In reasonable time
\7(%(, \SDP(ZB R ZEH)Diga. BROILIZNRK S KODIME—DHENE UL




n: number of variables Z#X0D%%

C onvex O ptl 11 I VA atl on lJ;LI Eaﬁﬁ'f t e precision of the solution #ZDIEE

Best classical algorithm for SDPs  SDPZ# < FHEEM&ERJ7)LT 1 X s
O(n?%> (log(1/¢€))°) [Jiang et al. 20]

Quantum algorithms for SDPs SDPZEHR<EF7ILIVUX A

O(n (1/¢)18) [BraW Z

Potentially wide
8
O(n (1/e)%) [Van Slgnificant Improvement if we are

impact m
12 g m only need low precision
OWn (/o) [Brandao EULBE CRIINIE.

F=LETE INENE S
O(v/n (1/€)>)  [van Aperdoon and Gilyen 18] IREHOASNEENESMS

4 s . . . . )
For huge systems (millions of variables) this can be the only way to get a rough approximation of

the solution In reasonable time
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Quantum String Algorithms SFXZF5177)L1Y) X /s

-

o

. . )
Given two strings X and Y of length n, compute their similarity
“ODOKRE n OXFH X &Y OFELUEDOTE )
example: file comparison  J7-1JLDLEE = length: several MB B #(MB
DNA comparison DNAMDMLLER (= length: 3 billion E&: 301E
How to define the similarity? FB{IUEDTESR ?
T;Zt)a;d;rgd_e;ﬂ;é' length of the longest common substring  &RERILESIDIVIORS
Best known classical algarithm: O(n) proved SERE N =BTt

time (optimal)
SO UL O(n) B (BETH3) \mvantage

Quantum algorithms: O(n>%) time [LG and Seddighin 23] »

=1)/)L]

O(n?3) time |[Akmal and Jin 23]

1) X /n: O(n5/%) BFfE [LG and Seddighin 23] m) | O(n??) K5fal| [Akmal and Jin 23]



Quantum String Algorithms =2ZFXF577)L01J X A

. . e )
Given two strings X and Y of length n, compute their similarity

“DODOEST N OXFH X &Y OFEUEDETE

\- /
exa le c [4n J 7 ALILDLEE (= length: several MB B #iMB
o ' DLEE = length: 3 billion R 308
New topic in quantum
> algorithms Yg;t% ?
o\ L | of the lomgest common substring  &&RILEEIDIIORS

Best known classical algarithm: O(n) time (optimal) proved . i
BIROHHET7)LTI X | O(n) BFiE (@ CTHD) \jxdvantage ARSI IR

Quantum algorithms: O(n>®) time [LG and Seddighin 23] » [Akmal and Jin 23]

=F7)LTY X/ O(n>/6) BERE [LG and Seddighin 23] m) | O(n?3) K5fal | [Akmal and Jin 23]
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Quantum algorithms with
provable advantage

Quantum algorithms for algebraic problems
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Perspectives

el

Most pressing questions:
i O BRI ER e

v Find more applications of quantum computers, and especially more exponential

speec

=11

b (CEHE K DISEY (SHEVNEF 7))L

ups
> EaA—FDHTUUVG S‘EODF#EITE

DX LADHFENEE

v'Build theoretical foundations for the advantage of “quantum heuristic algorithms”

11—

URT 4w OICEDLKEF I

) X NCTHBUWNT., BT

Thank you for your attention!
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