
ムーンショットプロジェクト目標２の第２回公開講演会

2022-0326 14:50-15:05 （ゲスト講演）

生物や生命現象を理解するために、
数理モデルは役立つだろうか？

巌佐 庸
（九大名誉教授、長野大学学長特別補佐）



1. 生物を理解するための様々な数理

2. よい数理モデルとは何だろうか？

本日の予定

動物行動： 最適化、ゲーム
生態： 動的最適化
発生の形態形成： 微分幾何、ネットワーク理論
発がん： 確率過程



生物系と非生物系（物理系）
とは何が違うのか？

生物はうまくできている
効率よく振る舞う
適応的



Iwasa et al. (1981) Am. Nat. 

経験による先験分布の更新

ベイズ型の決定理論

最適捕食

鳥が経験から環境を推
定する

European starting



Checker spot butterfly 
Euphydrias editha

ゲーム 利害の異なる個体がそれぞれに
自らの利益を追求する



Iwasa et al. (1983) TPB

Emergence of male butterflies
as a game.

昆虫の羽化季節に関するゲーム



多年生草本
貯蔵器官により翌年初め
に再び葉を展開する

動的最適化



生涯繁殖成功を最大にする植物の成長スケジュール
一年生 vs 多年生

Iwasa & Cohen (1989) Am Nat

ポントリャーギンの最大原理：年内のスケジュール

ダイナミックプログラミング：年間のアロケーション



発生と形態形成



Limb bud formation

Morishita and Iwasa (2008)

Zebrafish come mosaic

Tohya, Mochizuki and Iwasa (1999)



テンソル
の成分：

ニワトリ履胚発生での組織変形 微分幾何学の概念
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Fig. 5. Applications to data for chick limb development. (A) Chick embryo. (B and C) The marker dye was randomly injected into the mesenchyme at 20–50 sites at a depth of
about 100 μm from the dorsal ectoderm. (D) (upper) From positional data on markers in the AP–PD plane (green circles), the 2D deformation map for St. 23–St. 24 (12-h time
interval) was estimated (magenta lattice). Scale bar: 1000 μm. (lower) Overlaid limb bud outlines from 8 different embryos. (E) DV thickness at St. 23 and St.24 was measured
with an OPT scanner. (F) The growth rate along the DV axis at each point Xp can be approximated as hðϕ2DðXpÞÞ=HðXpÞ. (G) Cross-sections of a limb bud at two different
positions along the PD axis. The green lines indicate planes in which the fluorescent markers were injected. We estimated the 2D deformation map on plane ΠD using data
from markers after projecting them to ΠD . The distance between the labeled plane and ΠD is not large (specifically, the size of several cells on average and 10 cells at most).
(H) Prediction errors along the PD and AP axes calculated for the estimated map. See also the main text. (I) From the left, spatial patterns of area growth rate, deformation
anisotropy, DV growth rate ðh=HÞ, and volume growth rate. In the second panel from the left, the black double-headed arrows indicate the directions of deformation
anisotropy vectors; their lengths are proportional to the magnitudes of the anisotropy, which is also shown with different colors. In the third panel, much higher DV growth
rate around the proximal region (dotted circle) is an inevitable artifact associated with the trunk tissue left after surgical processes (see the black arrow heads in Fig. 5(E)).
(J) The Shh expression pattern at St. 23. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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(H) Prediction errors along the PD and AP axes calculated for the estimated map. See also the main text. (I) From the left, spatial patterns of area growth rate, deformation
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anisotropy vectors; their lengths are proportional to the magnitudes of the anisotropy, which is also shown with different colors. In the third panel, much higher DV growth
rate around the proximal region (dotted circle) is an inevitable artifact associated with the trunk tissue left after surgical processes (see the black arrow heads in Fig. 5(E)).
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面積要素の変形の
違法性により
組織の変形がおきる

遺伝子発現

whose prior distribution is explained below (Fig. 3C). w1
2 is the

variance of the distribution π1. Matrices D1 (2(M1 !M1)
matrix) and B1 (2(M1 !M2) matrix) are uniquely determined from
Eq. (7a).

2.3.4. A prior distribution of hyper parameters: smooth deformation
of boundary

As with the prior information for parameters, a smooth deforma-
tion of the organ boundary is assumed. Concretely, smooth deforma-
tion is modeled as:

E½xBi # ¼ ðxBi&1þxBiþ1Þ=2; ð9aÞ

Var½xBi # ¼w2
2ð‖XB

iþ1&XB
i ‖þ‖XB

i &XB
i&1‖Þ=2; ð9bÞ

where (X i&1
B, X i

B, X iþ1
B) and (xi&1

B, xiB, xiþ1
B) are the coordinates of

three consecutive boundary points before and after deformation,
respectively (Fig. 3C).

Based on the above, the prior distribution for hyper parameter
f 1 is given as the following Gaussian distribution:

π2ðf 1jw2
2; f 2Þ ¼

ðdetD2
TD2Þ1=2

ð2πw2
2ÞM2

exp &
1

2w2
2‖D2f 1&B2f 2‖2

! "
; ð10Þ

where f 2 is the position after deformation of both ends of the
boundary (Fig. 3C) and work as hyper–hyper parameters in
Bayesian estimation. w2

2 is the variance of the distribution π2.
The components of matrices D2 (2(M2 !M2) matrix) and B2

(2(M2 ! 2) matrix) are calculated by Eq. (9). As shown later, this
prior information for the boundary is important for reducing error
accumulation around organ boundaries.

Before deformation After deformation

After deformationBefore deformation

Fig. 3. Bayesian inference of 2D deformation map. (A) Assumptions for the data distribution (see the main text for details). Matrix A defines a way of interpolating data
points using the positions of lattice points. (B) Assumptions for parameters (i.e., spatial coordinates of internal lattice points after deformation). As prior information for θ,
smooth deformation of internal tissue is assumed. (C) Assumptions for hyper-parameters (spatial coordinates of boundary points after deformation). Smooth deformation of
boundary shape (i.e., the second derivative is small) is assumed.

Y. Morishita, T. Suzuki / Journal of Theoretical Biology 357 (2014) 74–8578

DV DV
A

Po
Di

Pr
V

Do

12h

14000 ( m)
ThickThin

10000 ( m)

Xp

H(Xp): DV thickness at Xp

xp= (Xp)

h(xp): DV thickness at xp

Before deformation After deformation

DV growth rate
H(Xp)h(xp) /

 0

 100

 200

 300

 400

0 200 400 600 800 1000 1200  1400

Dorsal half of limb bud

Labeled plane
100 m

Cross section 1

( m)

( m)

Dorsal half of limb bud

Labeled plane
100 m

 100

 200

 300

 400

0 200 400 600 800 1000 1200  1400

Cross section 2

( m)

( m)

100 m

Fluorescent marker

~100 m

Dorsal ectoderm

Mesenchyme

1000 m

Markers

Chick hindlimb bud

A

Po
DPr42.tS32.tS

1000 m

12h

Data points Estimated 2D map

 1

 1.4

 1.8

 2.2

 2.6

AnisotropyArea growth rate DV growth rate (h/H)

 1

 1.1

 1.2

 1.3

 1.4

 1.5

 1.6

 1

 1.4

 1.8

 2.2

 2.6

J
Shh expression at St.23

1000 m

: Along PD axis

: Along AP axis

0

10

20

30

40

50

60

Pr
ed

ic
tio

n 
er

ro
r (

m
)

D

D

Do

V

Dorsal-ventral boundary

St.23 St.24

Volume growth rate

 1

 1.4

 1.8

 2.2

 2.6

Overlaid limb bud outlines from 8 embryos

Trunk Trunk

Fig. 5. Applications to data for chick limb development. (A) Chick embryo. (B and C) The marker dye was randomly injected into the mesenchyme at 20–50 sites at a depth of
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interval) was estimated (magenta lattice). Scale bar: 1000 μm. (lower) Overlaid limb bud outlines from 8 different embryos. (E) DV thickness at St. 23 and St.24 was measured
with an OPT scanner. (F) The growth rate along the DV axis at each point Xp can be approximated as hðϕ2DðXpÞÞ=HðXpÞ. (G) Cross-sections of a limb bud at two different
positions along the PD axis. The green lines indicate planes in which the fluorescent markers were injected. We estimated the 2D deformation map on plane ΠD using data
from markers after projecting them to ΠD . The distance between the labeled plane and ΠD is not large (specifically, the size of several cells on average and 10 cells at most).
(H) Prediction errors along the PD and AP axes calculated for the estimated map. See also the main text. (I) From the left, spatial patterns of area growth rate, deformation
anisotropy, DV growth rate ðh=HÞ, and volume growth rate. In the second panel from the left, the black double-headed arrows indicate the directions of deformation
anisotropy vectors; their lengths are proportional to the magnitudes of the anisotropy, which is also shown with different colors. In the third panel, much higher DV growth
rate around the proximal region (dotted circle) is an inevitable artifact associated with the trunk tissue left after surgical processes (see the black arrow heads in Fig. 5(E)).
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森下喜弘さんの

ニワトリ胚発生の前脳発生での組織変形 メカノバイオロジーへ

3D space and a flattened 2D world atlas, for example. In this case,
a circular neighborhood of the same size (small relative to the
curvature radius) at each point looks very different depending on
its position within the 2D atlas; this is due to the difference in the
metric ~g between points on the atlas (Fig. 2b). Since the deviation
Δx from each point in 3D space and its correspondence in 2D Δu
should have the same size, the metric, called the induced metric,

satisfies the following relationship (Supplementary Note 1):

kΔxk2 ¼ ΔxTΔx ¼ ΔuT~gΔu ¼ kΔuk2: ð1Þ

This metric ~g plays key roles in developing statistical models
for the inference of tissue deformation maps and in calculating
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Fig. 1 Chick forebrain formation as an example of 3D epithelial sheet morphogenesis. a Chick embryo at HH11 (SS13). Scale bar: 500 μm. b Methods for
modeling forebrain 3D morphology. Using a two-photon microscopic image (left), apical and basal surfaces were manually traced. The traced data were
represented as a set of dots for each surface. From the traced data, smooth 3D morphologies of both the apical (white) and basal (gray) surfaces were
obtained using the spherical harmonics approximation (right). During the developmental stages studied, the forebrain has a single-layered structure. Scale
bar: 100 μm. c Spherical harmonics expansion (SHE) of 3D sheet morphology. This expansion not only provides a smooth approximation of complex sheet
morphology but also a 2D coordinate system on the sheet. Since epithelial tissues often have sac-like or tubular morphologies that can be approximated by
closed surfaces, SHE is a convenient way to define the 2D curvilinear coordinates on the surface (see also Fig. 2 and Supplementary Notes). d Time course
of the morphological changes of the apical surfaces of the forebrain from SS5 (HH8+) to SS13 (HH11). e Distribution of tissue thickness. From SS5 to SS13,
the thickness is almost spatially uniform although the mean values gradually decrease (see Supplementary Fig. 7 for details)
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tunicate
(sea squirt
ascidian)

a chordate animal



Gene regulatory network for embryogenesis of ascidian.  
Imai et al. (2006)

Networks in current biology are very complex.



Gene regulatory network specifying 
cell fates 

brain

notochord

epidermis

muscle

mesenchyme

endoderm

nerve cord

initial conditions cell-cell interactions



全ての細胞が同じ遺伝子のセットをもつ
同じ微分方程式にしたがう

６つの異なる組織に分化する
(上皮, 脳, 筋肉, 内胚葉、間充織 etc.)

異なる最終状態に至る



遺伝子の相互作用の有効グラフにおける
フィードバック頂点集合の遺伝子

それらの発現量を追跡すると、
どの組織の細胞に分化するか予測できる

それらの遺伝子の実験操作によって、
全ての組織の細胞を作り出せる

少数の重要な遺伝子があり



1 node
1 node

1 node

2 nodes

2 nodes

1 node

1 node

フィードバック頂点集合

3 nodes

それらを除去すると、残った有向グラフにはサイクルがない



Genes in the minimum Feedback Vertex Set

4 genes from each cell
1 gene from one of 
neighboring cells

Zic
Foxd
Twist-like1

Foxa
Nodal
Snail

Neurogenin
Delta-like

dpERK1/2

5 species of genes

Theorem:
We can control the 
whole system 
by controlling 
Informative nodes

Can we control cell 
fate by manipulating 
Informative nodes?



A cell with
multiple nuclei

Tail bud(control)

Epidermis

79.8%

Nerve cord

73.6%

Notochord

4.1%

Muscle

2.4%

Mesenchyme

8.0%

Endoderm

6.5%

cytocharasin Ｂ

A multinucleate cell shows progress of 
the dynamics

Network analysis can be performed 
without complication by cell-cell 
interaction or spatial configuration. 

Multinucleate cell



↑

↑

↓

0.00

2.50

5.00

7.50

10.00

Foxd

Foxa

Fgf9

Ngn

Zic

mesenchyme

Ep
id

er
m

is
Br

ai
n

N
er

ve
 c

or
d

M
us

cl
e

N
ot

oc
ho

rd

En
do

de
rm

Ex
pr

es
sio

n 
re

la
tiv

e 
to

 e
xp

re
ss

io
n 

in
 a

 n
or

m
al

 e
m

br
yo

unfertilized eggs

insemination

incubation 12hr

Cytochalasin B treatment

Recombinant bFGF

M
es

en
ch

ym
e

syncytium

↓

↓

RT-qPCRs

-Manipulation of the FVS genes in Single-cell system-

Morpholino antisense nucleotides against Foxd, Ngn, and 
Zici, and mRNA for Foxa



Fgf9 Foxa Foxd Ngn Zic
↓ ↓ ↓ ↓ ↑ Brain

↑ ↓ ↓ ↓ ↓ Endoderm

↑ ↓ ↓ ↓ ↑ Endoderm

↓ ↑ ↓ ↓ ↓ Mesenchyme

↑ ↑ ↓ ↓ ↓ Mesenchyme

↓ ↓ ↓ ↑ ↓ Nerve cord

↑ ↓ ↓ ↑ ↓ Nerve cord

↓ ↑ ↓ ↑ ↓ Nerve cord

↓ ↓ ↓ ↑ ↑ Nerve cord

↓ ↑ ↓ ↑ ↑ Nerve cord

↓ ↓ ↑ ↓ ↓ Notochord

↓ ↓ ↑ ↓ ↑ Notochord

↑ ↓ ↑ ↑ ↑ Notochord

↑ ↑ ↑ ↑ ↑ Notochord

↑ ↓ ↑ ↓ ↓ Notochord & Endoderm

↓ ↑ ↑ ↓ ↓ Notochord & Endoderm

↓ ↓ ↑ ↑ ↓ Notochord & Endoderm

↓ ↓ ↑ ↑ ↑ Notochord & Endoderm

↓ ↑ ↑ ↑ ↑ Notochord & Endoderm

Multi-gene activations induces 
one of resultant cell-types 
of single-gene activations.

Necessary activation for the focal 
cell fate.

do not matter.

⇒Hierarchy
Priority order among FVS genes



それらの発現量を追跡すると、
どの組織の細胞に分化するか予測できる

それらの遺伝子の実験操作によって、
全ての組織の細胞を作り出せる。

遺伝子の相互作用の有効グラフにおいて
フィードバック頂点集合の遺伝子は

この理論は、非線形の微分方程式系の定常状態
（一般にωリミット集合）に関するもの

微分方程式の変数の依存関係だけできまる
符号も、大きさも、関数形にもよらない



発ガンと白血病のモデル



慢性骨髄性白血病(CML)の発症

相互転座

チロシンキナーゼをつくり続ける

イマチニブが抑制

CML 細胞はフィラデルフィア染色体をもつ





白血病細胞数
が急速に減少

イマニチブは
とてもよく効く
薬剤

白血病細胞の数

日数



ぶり返しが
起きる

抵抗性
癌細胞の
出現



CMLと診断された時点で

薬剤耐性の細胞（突然変異をもつ）

が作られていた確率は？



薬剤耐性細胞

薬剤感受性細胞

CMLの診断
投薬開始

time

白血病幹細胞数がMに達すると
症状が現れてCMLと診断される

M

u 突然変異率

白
血
病
幹
細
胞
の
数
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where

M : detection size         u : 突然変異率
r, d : 細胞分裂／死亡率 (感受性細胞)
a, b :細胞分裂／死亡率 (耐性細胞)

診断時点ですでに耐性細胞が存在する確
率



シミュレーションは公式に良く合う
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生物・生命現象を理解するために
役立つ数学は

微分方程式、偏微分方程式

ここ10年ほどは
微分幾何学、ネットワークなど

さまざまな数学が生物を理解する上に
役立つことが明らかになってきた

今でも王道

それらに加えて、
確率過程、動的最適化、ゲーム、



2. どういうモデルが良いモデルか？



複雑な現実を計算機の中に
復元することを目指してはいけない

モデルを作る目的を明確にし
つよく影響するプロセスだけを選ぶ
考えうる限りもっとも単純なモデルを



１つモデルで
多数の問いに答えられることを
目指してはいけない

知りたいことを決めるごとに
ベストの簡単なモデルをつくる



ご清聴ありがとうございました


