MATHEMATICAL PROGRESS IN EXPRESSIVE IMAGE SYNTHESIS

Oct 21-23, 2013, Centennial Hall, Kyushu University School of Medicine, Fukuoka

Stress Tensors in Surface Parameterizations

Masaaki Miki
The University of Tokyo/ JST Erato
(joint work with Lifeng Zhu, Jun Mitani and Takeo Igarashi)

Most of the surface parameterization methods are understood as purely geometric.
However we sometimes see continuum mechanics related aspects in them. In order to
indicate this, stress tensors implicitly chosen in several parameterization methods will
be clarified. As a result, it is demostrated that we can switch between the methods by
just altering material definitions.

1. INTRODUCTION

While most of the parameterization methods are thought to be purely geometric,
there often exists a clear relation with theory of elasticity. This is very obvious be-
cause most methods first define an energy functional, which is an objective measure
of distortion between reference and flattened configurations, and try to minimize it.
By introducing a viewpoint of continuum mechanics, the common and different parts
between the methods are clearly separated. The common part is the form of first varia-
tions of the energy functionals and the different part is the constitutive laws that gives
stress tensors, i.e. material definitions.

We will analyze in this work five parameterization methods, namely discrete har-
monic mapping (DHM) [9, 4], discrete conformal mapping (DCM) |7, 3|, spectral con-
formal parameterization (SCP) [8, 1], Ls geometric-stretch norm (L2G) [10] and a
strain energy minimization with controllable distortion (CLM) [2]. Consequently, ex-
plicit expressions of stress tensors are deduced. This reinterpretation allows us to use
not only triangle faces but also quadrilateral faces in surface flattening. Furthermore,
we are allowed to switch between the methods by just altering material definitions. In
this work we adopt Einstein summation convention.
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FIGURE 2.1. An example setup for a triangle element



2. GENERAL FORMULAE

We only discuss finite elements that have embedded local coordinate systems. Let
Q; C R? be a domain of the j-th element. Let (6',6%) € Q; be a coordinate. Because
(6*,6%) system is embedded, €; never changes as the element deforms. For a surface
mesh, we consider two configurations, namely a reference and flattened configurations.
For each coordinate (01, 62) € Q;, we assume that four 2 x 2 matrices Gus, gus, §*°, g°°
are attached. The first two are the Riemannian metrics computed on the reference and
flattened configurations respectively. The last two are the inverse matrices of the former
two. We denote area elements by dv? = ,/det g,,d0'df* and dv* = ,/det g, d0"d6>.
The quantities expressed with - are constants that does not subject variational operator.
Fig. 2.1 helps reader’s understanding of this general setup.

On an element, a strain energy is generally expressed as

Ej = / w (ga&gaﬁagaﬁvgaﬁ) d\72-
Q2
Noting that only g,z is independent in W, we get
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where 0 is a variational operator. Here ¢ can omit fQ d9'df? because we chose an
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embedded local coordinate system. Defining S = 2 , We can write

1
0F = ~ / S8 Gapdv?.
2 Ja

This represents a small (virtual) work done by a stress filed acting on the element. In
the theory of elasticity, S is called the 2nd Piola Kirchhoff (2nd-PK in the following)
stress tensor. In this work, we mainly focus on 2nd-PK stress tensor. Generally, an
explicit expression of S’ expressed in terms of four Riemannian metrics, i.e.

Saﬁ = Saﬁ (gaﬁagaﬁ7ga6>gaﬁ) )

is called a constitutive law. This gives a concrete material definition. Different strain
energy gives a different constitutive law but the form of § £ remains common. There-
fore, explicitly expressing such material definitions would be beneficial for implementing
a general surface parameterization framework, in which a user would switch between
the methods by just altering the material definitions.

Further discretization schemes and numerical solves are not discussed in this short-
paper but a standard finite element approaches can be applied.

3. ENERGY AND STRESS TENSORS

3.1. Discrete harmonic mapping. For surface parameterization, a discrete har-
monic mapping (DHM in the following), or so-called the cotan formula, was first
introduced by Eck et al. |[4]. Before them, the same formula was derived and ap-
plied to minimal surface problem by Pinkall et al. [9]. Both Eck et al. and Pinkall et
al. derived DHM from a Dirichlet energy. Our expression of the Dirichlet energy is
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Actually, this is very close to the expression of the Dirichlet energy in [5], to which Eck
et al. referred. The corresponding 2nd-PK stress tensor is

(3.1) SoP = ok,

This material definition means that, the element is always tensioned and hence all the
boundary vertices must be fixed.

3.2. Discrete conformal mapping. Levy et al. and Desbrun et al. independently
derived [7, 3| discrete conformal mappings (DCM in the following). Later, Floater et
al. and Sheffer et al. pointed out [6, 12| the equivalence of these two.

In [6], DCM is characterized by a conformal energy defined by

Ec=FEp -5,

where Ep is the Dirichlet energy and S is the surface area. It has been known that
Ep > S and the equality holds when the flattened surface is conformal to the reference
surface. If a surface is approximated by discrete elements, Fc = 0 is hardly achieved.
Hence, instead of Ec = 0, Ec — min is solved in DCM.

Because the area of an element is expressed as

S _ d 2 =2 Y det guu
= ve = Jdv®, where J = Y——=,
Q, Q, v/ det g,

1, _
E; —/ (59 ﬁgag — J) dv?.
Q.
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our expression for F¢ is

Using 0J = £¢"6g;;J, we get the corresponding 2nd-PK stress tensor as
(3.2) 5P = (g — g*"J).

Both Levy et al. and Desbrun et al. noted that at least two points should be fixed
in DCM. Levy claimed that the ideal number of fixed vertices is 2. However, if two
vertices are fixed, the conformality would be distorted because of the reaction forces
acting on the fixed vertices.

3.3. Spectral conformal parameterization. Because DCM requires at least two
vertices fixed, a method that does not require fixed vertices is expected. Mullen et al.
proposed [8] a spectral conformal parameterization (SCP in the following), which is
an extension of DCM, and which does not require fixed vertices. Later Alexa et al.
polished [1| the method and proposed constraining the total area of a surface mesh
instead of fixing two vertices. This approach is characterized by

Ec (x) = Ep () — S (x) — min,
st. S(x) =25,
where S is a prescribed total area to which S is constrained. Alexa et al. reduced
this problem to a generalized eigen-value problem as well as Mullen et al. Instead, we

preferred to deduce a stress tensor from this problem. Instead of applying the Lagrange
multiplier method, we used a penalty term and our reinterpretation is

1. L, 1 . _
5= (37 1) o g5 (59 i



Because
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we get the corresponding 2nd-PK stress as

(3.3) SoP = gob 4 (% — 2) g*?J.

Note that S must be computed in advance of the computation of S*7.
3.4. L, Geometric stretch norm. Sander et al. have been using [11, 10| an Lo

geometric stretch norm for surface parameterization (L2G in the following). Our ex-
pression for L2G is

E; = —/ Japg™ " dv*.
2 Jo,

Using ag‘; = —A‘l%A_l, where A is a non-singular matrix, we get the corresponding
2nd-PK stress as
(3.4) S = —G.,9" g% .

The minus sign in S indicates that elements are always in a compression state. Hence,
as well as DHM, all the boundary vertices have to be fixed.

3.5. Strain energy minimization with controllable distortion. Clarenz et al.
developed [2| a special material definition for parameterization (CLM in the follow-
ing). Their work is very important in that it indicated the possibility of designing
special materials for each particular objective. The material has many parameters
{ay, g, e, B, p, 7, 5,t} but the authors mainly discuss the cases with p = r = s =
2, t = 1. Additionally, it is indicated that § = «;/a, + 1. Thus the parameters are
reduced to {a;, aq,a.}. These parameters are used to control the length and area
preservability, and conformality, respectively. In the following, we denote {«y, v, .}
by {wp,wa,wc}. Because Clarenz et al.’s work was also based on theory of elasticity,
our expression for this special material is very close to the original expression and it is

E; = / [wrle +wa (J? + BI7%) +we (1272 — 4)] 472,
£

where Ic = g;;5. By using 0lc = §*0gas and 6J = $Jg*76ga3, we get
(35) Saﬁ = U)LSZY'B + ’LUASXB + wCSgﬁ,

where
Sy =g — g0

Sjﬁ _ gaﬁ <J2 . J—Q)
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FIGURE 4.2. Results

4. EVALUATION

Aiming to compare the deduced stress tensors, we conducted direct energy min-
imization with a quadrilateral mesh surface shown in Fig. 4.1. For evaluation, an
objective measure of distortion is needed and it should not be stress tensors. We
simply used a large strain tensor defined by

1 _
(4.1) Eij =5 (9ij — Gij) -

Because matrix Fj; itself does depend on local coordinate system, we carried out a
generalized eigen-value decomposition, which is characterized by

(95 — Gij) V7 = Agi V.
From V7, we computed
Vig;
VVeVBg,s'
where g,,g, are base vectors adjunct with (6',6%) system in a flattened configura-
tion. Note that V is normalized. As the result, two pairs of principal strain and
directions{ A1, V'1} and {\2, V3} are obtained. Note that V'; and V5 are orthogonal to

each other. When signs of eigen-values meet and |V'1| = |V'5| is achieved at somewhere
in a mesh surface, the flattened mesh surface is locally conformal to the reference mesh

V=



surface at that point. When )\; > 0, this means that the element is locally stretched
along V; and if \; < 0, it is locally compressed. Fig. 4.2 shows minimization results of
(a) DHM, (b) DCM, (c) SCP, (d) L2G, (e) CLM with w; = ws = we = 0.5, (f) CLM
with wy, = wsq = 0, we = 0.5. In the figure, {\; V1, A,V 1} are plotted with magenta
color when \; > 0 and with cyan color when \; < 0. If some vertices are fixed, reaction
forces acting on the vertices are also plotted with red color.

During direct minimization, it was possible to obtain different parameterization
results by switching material definitions without terminating computation.

5. CONCLUSION

We deduced explicit expressions of stress tensors that have not been yet clearly rep-
resented in the previous works. Now, because only material definitions are uncommon
parts between the methods and other parts remain common. Consequently, we are
allowed to switch between the methods by just replacing material definitions.
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