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Definition 2.1. A point p € D¢(M) is said to be an n-source-sink point, if V' ipc{M)\t{p} 18 a vector
field on Dc(M)\ {p} generated by a complex potential whose stream function is denoted by ¥, for
which there s a pair of ¢ neighborhood U of p and a homeomorphism h from U to the unit disk D
with h(p) = 0 such that Yo h™! D\{o} = —snn8 4 the polar coordinates associated with the disk

F7
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Theorem 3.1 (Theorem 2.3.8. p.74 [11]). Suppose that V is a C"-Hamiltonian vector field on
a compact orienteble surface. V is structurally stable in H", if and only if V is regular and all

(8-)saddle connections are self-connected.
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ooono

Corollary 3.1. Suppose that the Hamiltonian vector field V' is structurally stable in H". Then V
can be represented by a sequence of the operations starting from the initial pattern O.

Proof. By Theorem 3.1, the saddle connection diagram consists of homoclinic saddle connections
and J-saddle connections that connect two J-saddles at the same boundary. Recall that the Euler
number of D¢(M) is 1 — M. Since V is regular, we can suppose that there are k; saddles and Ia
8-saddles. By Poincaré-Hopf theorem, these numbers satisfy M — 1= &y + k2/2.

We will show the assertion by induction on M. Suppose that M = 1. Then k; = k; = 0 and
so there are no saddles and 8-saddles. Hence V is regular and we have Q. Suppose that M > 1.
We say that a connected component in the saddle connection diagram is inner most, if it bounds
no other saddles and @-saddles. If an inner most component in the saddle connection diagram of
V in D¢(M) is a homoclinic saddle connection (resp. a -saddle connection with two O-saddles,
then V' is obtained by the operation By (resp. By) from a structurally stable Hamiltonian vector
field V on D¢(M - 1). By inductive hypothesis, suppose that Vis represented by OOy - - Ops2,
then V has a word representation OO, --- Op_2By (resp. OOy -+~ Opr—2B3). Otherwise all inner
most components are J-saddle connections with more than two d-saddles. Then V' is obtained by
the operation C from a structurally stable Hamiltonian vector field V on D¢(M —1). Hence, V
has a word representation OO, -+ Ony_2C. C

goagao

Theorem 3.2. The Hamiltonian vector fleld V € x] is structurally stable, if and only if
(1) the restriction of V on the complement of the 1-source-sink point is regular,

(2) all saddle connections are homoclinic connections,

(3) all 8-saddle connections connect two J-saddles located at the same boundary.

Proof. Obviously the regularity is necessary. Therefore we may assume that the restriction of V
on the complement of the 1-source-sink point p is regular. Now suppose that there is a heteroclinic
saddle connection between two distinct saddles p and g. Then H(p) = H{(g) is satisfied where
H represents the Hamiltonian for V € x]. We will show that the energy equality does not hold
when we perturb the vector field. In order to accomplish it, we introduce a Hamiltonian vector
field as follows. Let b : [0,1] — [0,1] be a smooth non-increasing function such that b(r) =
for r € [0,1/8), b(r) = 0 for r € [2/3,1], ¥'(r) < O for r € {1/3,2/3), with which we define an
axisymmetric function f : U — [0,1] by f(r,8) := b(r) in the polar coordinates (r,#) of the unit
disc U. Let Vs bea Hamiltonian vector field on U defined from f. Then, a contour line of f{r,8)
for any r € (1/3,2/3) is & closed orbit. For arbitrary € > 0, we define a function H on D (M) by
H := H+=f on the open unit disk U around | pand H:=H otherwise. Then H is a smooth function
and so define the Hamiltonian vector field V. Since H(p) — H(q) = H(p) +<f(p) - H(g) =€ # 0,
there is no orbits connecting p and g. Hence V' is not structurally stable.

If there is a -saddle connection between two d-saddles p and g at different boundaries with
the same energy level H(p) = H(g). Then we can show the vector field V' is not structurally stohle
as follows. Considering an annulus [0,1) x S! in [0,0c) x §2 arounu wie circular boundary with
p, we can define the perturbed Hamiltonian vector tieid H ¢htained from H by perturbing it in
the annulus with using the function b(r), for which the energy equality no longer holds.

Conversely, suppose that (1), (2) and (3) hold. By Proposition 2.1, V is locally structurally
stable at the l-source-sink point. Let V be a a small perturbed vector field of V. Then we may
assume that there is a small neighborhood U of the 1-source-sink point on which V' and its small
perturbation are identical. Hence it suffices to show that any small perturbation V of V{Dc( MU
which fixes U is topological equivalence to V' ID (M)~ Since the streamlines in the neighborhood
of the 1-source-sink point can be obtained from ‘the streamlines around two centers by identifying
the centers, we can replace V|y with some vector field on U with two centers. Then all ss-(9-
)saddle connections are replaced by (8-)saddle connections. By Theorem 3.1, the resulting vector
field of V are structurally stable. Hence V is topological equivalence to Vip ayv- o

oooooo
I I I A A A
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Lemma 3.1. Let OO0, ---Op_y be a sequence of operations, where O; € {Bg, B2,C}. Then the
followings are equivalent.
1) The sequence is a word representation for a structurally stable Hamiltonian vector field in
De(M).
2) For any i with O; = C, there is some j <1 such that O; = By.
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Lemma 3.3. Let 1O --- Oy be a sequence of operations, where O; € {Ag, A2, By, B2,C} for
i=1,...,k Then the followings are equivalent.

1) The sequence is a word representation for a structurally stable Hamiltonian vector with the
1-source-sink point in D¢(M).
2) For any i > 1 with O; = By or Ba, there is some j <1 such that O; = Ag or C.
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Lemma 3.4. Let I1I0;--- O be a sequence of operations, where O € {Ap, Ba, B2,C} fori =
1,..., k. Then the followings are equivalent.

1) The sequence is a word representation for a structurally stable vector field with the 1-source-sink
point in De(M). B
2) For any i > 1 with 5; = (, there is some j <1 such that O; = By,
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Lemma 3.5. The streamline patterns with the word representations OpOy - - O;AeC 043+ Oy
and 00y - - O;CAgO;43 - - Oy with Og € {I,11} are equivalent. Namely, Ag and C commule in
the word representation.

Proof. Since Ag does not increase boundaries with 8-saddles and C just changes a boundary with
H-saddles, these operations are independently applied. o

goad

Lemma 3.6. The streamline pattens with the word representations 10 ---0,420;.9 - Oy and
10y 420,042 - - Oy with O; € {Ap, By, B} are equivalent.

Proof. Since Ag and A, are applied to an ss-orbit independently, Ag and A; commute. The
operation As incresses no closed orbits to which By and Bs are applied. Conversely, By and B,
add no ss-obits. Hence By and Bz commute with Ag. O
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Lemma 3.7. The inclusion relations BoAg < AgBy, BaAp < AgBy, CAs < A;C, BBy < ByBs,
ByC < CBy hold for the exchange of two operations in the sequence.

Proof. First, A is independently applied to an ss-orbit, even if By and B exist in the sequence
before Ap. On the other hand, Ay adds new closed orbits to which By and Bj are applied. Hence,
we have BgAp < ApBy and Bz Ag € ApBz. Second, € does not affect Az, since C creates no new
ss-orbits. Conversely, A2 adds a new boundary with two J-saddles to which C can be applied.
Thus CAz < A2C holds. Third, By increases new closed orbits to which B is applied, but B»
does not. Hence, we have Bs By < ByBy. Finally, CBy > ByC holds, since C increases new closed
orbits and By adds no boundary with d-saddles. O
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Lemma 3.8. Each structurally stable streamline pattern on D¢(M) has a mazimal word repre-
sentation.

Proof. Notice that the relation < implies that the reflexive and transitive relation on the set of
O-words (resp. I-words, II-words). Since the number of O-words (resp. I-words, I/-words) is

finite, each word is less than or equal to some maximal word. [
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Theorem 3.3. For any mazimal O-word for a structurally steble streamline pattern in Dy(M),
there erist integers k 2 1, st 20 form=1,...  k andupy >0 form=1,...,k — 1 such that
it is expressed by

OW {s1,t1,u1) - W{sgo1,tk—1, Ug—1)W {8k, 12, 0), (2)
where ty, > 0 for anym < k with M =1 +§:fn;.fl(sm + b + U} + Sk + By
Proof. Let us first note that it is unable to exchange By and B, in the sequence of any O-word
to obtain its maximal O-word owing to B,Cl|C B, and ByC > CBy. We show that every O-word
assigned to the structurally stable streamline pattern in D¢(3M) can be reduced to the maximal
O-word inductively as follows.

Starting the initial word O, we look for the locatior where (C)¥ first appears in the sequence
of the O-word. If there exists no operation C in the sequence, i.e., u1 = 0, then the O-word
consist of the operations By and By and thus it can be reduced to O(Bg)* (B2)*? = OW (s1,4,,0)
for some 81,11 > 0 by exchanging By and By owing to BBy < ByB;, which ends the proof.
On the other hand, if u; # 0, we can rearrange the sequence with By and By between (O and
{Cy* by the block component W{sy, t;,uy) for some ¢y > 0. This is because if {; = 0 we have
have O(Bp)* (C)* -+ > O{C)“1(Bg)** -+ owing to {Bp)* (C)* > (C)“(By)*, which is not an
O-word. Hence, the O-word is expressed as OW (s, t1,u1) -+ with 3,3 > 0.

Now suppose that u,,; # 0 and the O-word is reduced to OW (s, 83, wy) - W{sm, tim, Um) - -
with t; > 0 for any { < m. Then we look for the location of (C)¥~+' in the sequence beyond
W{sm:tm, tm). I imyy =0, then the O-word can be reduced to

OW (s1,t1,u1) - - W(sm, tm, o )W {(8m+1,tm+1, 0)

for some s$mel.tms1 = 0 by exchanging By and By, which finishes the proof. Otherwise the
sequence of By and By between W (sm, tm, tm) and (C)y*m+ is reduced to the block component
W{sm+1stm+1, Ums1) for some spm41 2 0 and tme1 > 0. The positivity of ¢ty is assured as
follows. If 41 = 0, we have

OW(s1,t1,u1) - Wism, tim, um ) Bp)*mt ()41 ...
S O;‘{][SL, t}., ﬂj} M I'V(Sm9 tmw Urm + %%‘])(BO)$M+L T

owing to ByC < CBy. Then with @y = tm + tmy1, the sequence is reduced to
OW (81,81, u1) - W (Sm, by ) -+

for which we can repeat the process again. O
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Theorem 3.4. Let p,q,r be non-negative integers. Then, for any mazimal I-word for a struc-
turally stable streamline pattern in D (M), there exist integers k > 1, s, tp 20 form=1,...,k
and um >0 form=1,...,k — 1 such that it is expressed by

I Ao (A2)HC) W (st t1,u1) - W(smo1, tm—1, Ume1) W (S, tm, 0, (3)

where tm > 0 for any m < k with M =p+q+r-§-2fn;ll(sm+tm + Um )+ Sk +te, if pAT >0,
Otherwise it is represented by 1{A2)7 with M = q.

Proof. For a given I-word representing a structurally stable streamline pattern in D¢(M), we can
move all Ay and A; in the sequence of operations before By, By and C by exchanging the order of
the operations owing to AgAz = AzAp, CA; < AC, ByAz = AyBy, ByAp = AgBy, CAg = AgC,
BpAp € AgBp and BaAg < AgBy. Hence, the J-word is reduced to [ {Ap)P(A2)90psqs1 -+ O for
some p,¢ 2> 0, in which O; € {Bg,B3,C} forp+g<i< M.

Suppose first that p = 0. If Oy4y # C, namely r = 0, then there contains no By and Bs in
the following sequence, since they cannot be applied without A or C in the sequence of J-words
due to Lemma 3.3. Hence, if p+r = 0, the J-word i3 represented by I{A2)? and M = ¢q. On
the other hand, if Og41 = C, then there exists r > 0 such that the [-word is represented by
I{A2)%(C)" Ogsry1- -+ Ops in which O; € {Bg, B2, C} for g+ r < i € M. The remaining sequence
Og4r+1 -+ Op can be reduced to some block components of By, By and C with using the same
procedure as for O-words in Theorem 3.3. That is to say, there exist integers k > 1, sy tm 2 0
form=1,....kand u, >0 for m=1,...,k — 1 such that the I-word is expressed by

HAYUCY W sy, t1,u1) -+ W{sg-1, th—1, Up-1) W (55, 15, 0),

where t,, > 0 for any m < k. This is the maximal expression for the -word for p =0 and r > 0.

Next we assume p # 0. Then By and B; can exist in the remaining part of the sequence
I(Ap)P(A2)?--- to which we can apply the same procedure for the remaining sequence of By, Ba
and C as used for O-words. Hence, we have the maximal expression (3). 0

gogao

Theorem 3.5. Let p be a non-negative integer. Then, for any mazimal I1-word for a structurally
stable streamline pattern in D¢ (M), there exist integers k 2 1, Syt 2 0 form =1,...,k and
ty >0 form=1,..., %k —1 such that it is expressed by

H{ AW (a1, t1, 1) - W(sm—1, tn—1, 1) W (8, tm, 0), (4)
where t, >0 for anym < k with M =p+ Ziﬁl(sm + by + U ) + Sk + o

Proof. The proof is done similarly as in Theorem 3.4, since Lemma 3.4 indicates that I'T words
have the same rule as O words in terms of the order of operations Bg, Bz and C in the sequence. [J
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